CLARE D'CRUZ
(4) The S 2 -ification of R/I and R/J are Cohen-Macaulay. (5) reg(R/J) ≤ deg(R/J) − codim(R/J) + 1. (6) reg(ø R/I ) = reg(ø R/J ) = 3.
We also answer a question of Goto and Watanabe in [GW] . Let S be an affine semi-group ring. If S is S 2 then is k [S] is Cohen-Macaulay? This was shown to be false in [TH] . In this paper we show that if Goto and Watanabe's conjecture holds true if k [S] defines a toric surface in P 4 .
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PRELIMINARIES
The following notations in this section are from [TH] .
Notation 2.1. Let S be an affine semi-group ring in N n , n ∈ N.
(1) G S is the additive group generated by S in Z n .
(2) S = {x ∈ G : ng ∈ S for some n ≥ 0}.
(3) For 1 ≤ i ≤ n, S (i) = {x ∈ G S : x + y ∈ S for all y ∈ S ∩ F i } and
, let π J be the simplicial complex of nonempty subsets I of J such that
Definition 2.2. We say that an affine semi-group is standard if
Hochster Transform [H]
We describe the Hochster transform: Consider the vector space V generated by
There exists linear functionals
By multiplying L i by a suitable positive multiple we can assume that
Lemma 2.4. Let S be an affine semi-group ring. Then
is a standard affine semigroup ring.
Definition 2.5. Let S be a standard affine semi-group in N r .
(1) Let π(S) be the simplicial complex of non-empty subsets J of [1, m] with the property that ∩ i∈J S ∩F i = (0). (2) Let π J be the set simplicial complex of non-empty subsets I of J with the property ∩ i∈I S ∩ F i = (0).
Let k [S] be a homogeneous semigroup ring which is homomorphic image of a polynomial ring R = k[x 0 , x 1 , . . . , x n ]. Definition 2.6. The canonical module of S is
where c = codim S = dim S − dim R.
MAIN RESULT
Our main result is the Cohen-Macaulayness of the canonical module of the projective toric variety. Since
is the S 2 -ification of S and Theorem 3.1. [TH, Corollary 3.7 ] For all i < r,
Lemma 3.2. [TH, Corollary 3.4 ] Let S be a semi-group in N r of rank r. Then 
Proof. Applying Lemma 3.2, we only need to show that
After applying the Hochster Transform we can assume that
Now applying Theorem 3.1 we get where s 5 is in the convex hull of the cone generated by s 1 , s 2 , s 3 and s 4 . Hence we can express
where q i ∈ Q and q i ≥ 0 with q 1 + q 2 + q 3 + q 4 = 1. Without loss of generality we can assume that any s 1 , s 2 and s 3 are lineraly dependent.
We have π(S) = {φ, {1}, {2}, {3}, {4}, {12}, {14}, {23}, {34}}
We apply Theorem 3.1. It is enough show that G J = ∅ for J = {13} as the proof for J = {24} is similar.
Let x ∈ S 2 ∩ S 4 . Then we can express x in two different ways: Suppose not, i.e., all of them are negative. We express x component-wise. From (1) and (2) we get 
From (4) and (6) we have: Claim 2 implies that n 5 < m 5 and Claim 3 implies that m 5 < n 5 which is not possible. This proves Claim 1. We may assume that s 1 , s 2 , s 3 are linearly independent and that s 4 = a 1 s 1 + a 2 s 2 + a 3 s 3
{J ∈ π(S)} = {{13}, {14}, {24}, {25}, {35}, {123}, {124}, {125}, {134}, {135}, {145}, {234}, {235}, {345}}.
We will show that G 13 = ∅. The proof is similar for all J ∈ {J| ∈ π(S) and #J = 2}.
If #J = 3, for example let J = 135, then
Since x ∈ S 2 ∩ S 4 , following the proof of G 13 = ∅, we can show that x ∈ S 1 ∪ S 3 ⊆ S 1 ∪ S 3 ∪ S 5 . Similarly one can show that G J = ∅ for all J ∈ {J| ∈ π(S) and #J = 3}.
Consider G 13 .
Hence we can write 
If all of them are negative, then from (12) and (14) we get
By our assumption all the integers m 3 − m Suppose not. From (15) we have: (17) we have m 5 < n 5 . This leads to a contradiction. This proves Claim 6.
The Cohen-Macaulayness of the S 2 -ification of R/I has been proved in Section 3. Since ø R/J is Cohen-Macaulay and the S 2 -ification of R/J is ø ø R/J which is Cohen-Macaulay. This proves (4).
Since R/I C is a complete intersection ideal and ø R/I is Cohen-Macaulay, we have H We have already shown that ø R/I is Cohen-Macaulay. To show that ø R/J is Cohen-Macaulay interchange the role of I and I in the exact sequence (20) and use (2). The S 2 -ification of R/J is ø ø R/J which is Cohen-Macaulay since ø R/J . Hence (4) follows.
It remains to prove (5). By [PS, Theorem 7.3] reg(R/I) ≤ deg(R/I) − codim(R/I) + 1 We now give a positive answer to a question of Goto and Watanabe for toric surfaces in P 4 . 
